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Abstract. Let L be a non-negative self adjoint operator acting on L 2 (X) where X is a space of 
homogeneous type. Assume that L generates a holomorphic semigroup e~ tL whose kernels p t (x,y) 
satisfy generalized m-th order Gaussian estimates. In this article, we study singular and dyadically 
supported spectral multipliers for abstract self-adjoint operators. We show that in this setting sharp 
spectral multiplier results follow from Plancherel or Stein-Tomas type estimates. These results 
are applicable to spectral multipliers for large classes of operators including m-th order elliptic 
differential operators with constant coefficients, biharmonic operators with rough potentials and 
Laplace type operators acting on fractals. 



This paper is devoted to the theory of spectral multipliers of self-adjoint differential type oper- 
ators. This is a classical area of harmonic analysis, which has attracted a lot of attention during in 
the last fifty years or so. The literature devoted to the subject is so broad that it is impossible to 
provide complete and comprehensive bibliography. Therefore we quote only a few papers, which 
are directly related to our study and refer readers to [4, 1 1, 12, 13, 16, 17, 21, 22, 24, 25, 29, 30, 
31, 32, 35, 41, 42, 45, 46, 49, 50] and the references within for further relevant literature. 
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We consider a measure space X and a non-negative self-adjoint operator L acting on L?(X). Such 
an operator admits a spectral resolution E L (A) and for any bounded Borel function F : [0, oo) — > C, 
one can define the operator F(L) 

(1.1) F(L) = X F(A)(1El(/1) - 

By spectral theory the operator F(L) is bounded on L 2 (X) and its norm is equal to L-essential 
supremum norm of F. Spectral multiplier theorems investigate under what conditions on function 
F the operator F(L) can be extended to a bounded operator acting on Lebesgue spaces L P (X) 
for some range of p. Usually one looks for condition formulated in terms of differentiability of 
function F. Spectral multiplier theorems are closely related to the problem of Bochner-Riesz 
sumability. There are some subtle differences between two problems but the essential core of 
Bochner-Riesz sumability problem and the spectral multiplier theorems is identical. 

We would like to mention three different aspects of spectral multipliers theory and Bochner- 
Riesz analysis. 

• Dyadically supported spectral multipliers. Here one assumes that a function F e C c (a, b) for 
some < a < b is compactly supported and one tries to find necessary conditions to ensure that 

sup||F(*L)||^<C<oo 

for some p e [l,oo] or range of such p, where F(tL) is defined by the spectral resolution. Usually 
the condition of F is expressed in terms of Sobolev spaces W*(R) and constant C is proportional to 
the corresponding Sobolev norm of function F. Compact support assumption could be misleading 
here as it can be essentially weakened but it is convenient because the dyadic decomposition trick 
is often used in the theory of spectral multipliers. Usually the proof of sharp results of this type 
requires Plancherel or restriction type estimates, which we discuss below, see Section 4. 

• Singular integral spectral multipliers, see Sections 3 and 5. One considers auxiliary nonzero 
compactly supported function n e C c (a, b). Then for some Sobolev space W£(R) one can define a 
"local Sobolev norm" by the formula 

\\F\\LW' q = sup||77(-)i 7 (?-)||^( R ), 

t>0 

where ||F||h"(r) = 11(1 - -§p:Y l2 F\\ q . Up to a constant this definition does not depend on a choice 
of the auxiliary function rj as long as it is a non zero function. In singular spectral multipliers one 
wants to obtain estimates of LP — » LP or weak (p, p) norm of the operator F(L) in terms of the 
norm HFH^- In principle one expects that compact spectral multipliers imply singular spectral 
multipliers even though one can construct examples where sup r>0 \\j](L)F(tL)\\ p ^ p < C < oo but 
F(L) is unbounded, see well-known counterexample of Littman, McCarthy and Riviere [37]. 

• The most essential point of spectral multiplier theorems and Bochner Riesz analysis is an 
investigation of of Plancherel or restriction type estimates. Such estimates are essentially required 
to obtain compactly supported spectral multiplier. They originate from classical Fourier analysis 
where one considers so-called restriction problem: describe all pairs of exponent (p, q) such that 
the restriction operator 

Ra(/)(oj) = f(Aco) 

is bounded from L P (W) — » Z/^S"" 1 ). Here / is the Fourier transform of / and co G S" _1 is a point 
on the unit sphere. It is not difficult to notice that if E^ is the spectral resolution for the standard 
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Laplace operator, then 

(compare [28]). Now if one knows (as it is the case in Stein-Tomas restriction estimates, see 
[50]) that the restriction operator is bounded for some pair (p, 2), then by T*T trick it follows 
that jjE^(A) extends to a bounded operator acting form space L P (R") — > Z/'(R"), where p' is 
conjugate exponent of p (1/p + l/p' = 1). Note that these estimates can be expressed purely in 
terms of spectral resolutions of self-adjoint operator L. Motivated by the example of the standard 
Laplace operator we introduce below condition (STp 2m ). One of most significant part of spectral 
multiplier results and Bochner-Riesz analysis is to prove estimates of this type for some class of 
differential operators. Remarkable results of this type were obtained in [28]. Some other examples 
are described in [11]. In the case when p = 1 the problem quite often simplifies because of 
existence of underlying Plancherel measure and for example for homogeneous operators efficient 
restriction estimates type results are automatically true, see [22]. To illustrate our abstract spectral 
multiplier results, we describe some well known examples of operators which satisfy (STjj 2 m ) in 
Section 6. In Section 6.3 we describe new restriction estimates of this type. 

In this paper we are mainly focus on proving that appropriate restriction type estimates imply 
sharp compactly supported spectral multiplier results and that the singular integral version follows 
from compactly supported spectral multipliers for abstract self-adjoint operators for which the 
corresponding heat kernels satisfy m-th order Gaussian bounds. We also discuss operators, which 
satisfy generalized Gaussian estimates in the sense of Blunck and Kunstmann, see e.g. [7]. The 
case p = 1 for such theory was comprehensively discussed in [22]. However if p ± 1 the problem 
requires essentially new approach. 

Under assumption that L satisfies finite speed propagation property, see [15, 44], similar results 
were considered in [1 1]. However there are many interesting examples of whole significant classes 
of operators which do not satisfy finite speed propagation property for the wave equation but 
satisfy m-th order Gaussian bound. For example m-th order differential operators or Laplace like 
operators defined on fractals, see for example [2, 47, 48]. The results obtained in this paper can 
be applied to these operators. Finite speed propagation property is equivalent to the second order 
Gaussian bounds, see [15, 44], so our paper can be regarded as the generalization of [11]. In 
particular our results apply to all examples discussed there. Note however that we are not able to 
obtain endpoint results in the current setting. 

Our proof that compactly (dyadically) supported spectral multipliers imply singular integral 
multipliers is inspired by the work of Seeger and Sogge [41, 42]. However, there is no assumption 
on the regularity in variables x and y on the kernels p t (x,y) of the semigroup e ~ tL , thus techniques 
of Calderon-Zygmund theory ([41, 42]) are not applicable. The lacking of smoothness of the ker- 
nel was indeed the main obstacle and it was overcome by using an approach to singular integral 
theory initiated by [29] and developed in [21, 1]. In this approach to obtain additional cancella- 
tion instead of subtracting some average of a function one subtracts appropriate multiplier of the 
operator L applied to the considered function. 

In the sequel we always assume that considered ambient space is a metric measure space 
(X,d,p) with metric d and Borel measure p. We denote by B(x,r) = {y e X, d(x,y) < r) the 
open ball with centre x e X and radius r > 0. We also assume that the space X is homogeneous 
that is it satisfies the doubling condition. It allows us to consider the homogeneous dimension of 
the space X. To be more precise we put V(x, r) = p(B(x, r)) the volume of B(x, r) and we say that 
(X, d,p) satisfies the doubling property (see Chapter 3, [14]) if there exists a constant C > such 
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that 

(1.2) V(x, 2r) < CV(x, r) V r > 0, x e X. 
If this is the case, there exist C, n such that for all A > 1 and x e X 

(1.3) V(x,Ar)<CA"V(x,r). 

In the sequel we want to consider n as small as possible. Note that in general one cannot take 
infimum over such exponents n in (1.3). In the Euclidean space with Lebesgue measure, n cor- 
responds to the dimension of the space. In our results critical index is always expressed in terms 
of homogeneous dimension n. Usually existence of s > n(l/2 - l/p) derivatives of function 
F is a sharp optimal condition in most of spectral multiplier results, both compact and singular. 
However there is a subtle but of huge significance difference between existence of this number 
of derivatives in L 2 (R) versus L°°(R). Improvement of the results from L°° to L 2 always requires 
some form of restriction or Plancherel type of estimates. This L 2 spectral multiplier results es- 
sentially corresponds to calculation of critical exponent in Bochner-Riesz means analysis and is 
related to Bochner-Riesz conjecture. Obtaining sharp results in this context is regarded as one of 
most crucial tasks in harmonic analysis. 

2. Preliminaries 

We commence with describing our notation and basic assumptions. We often just use B instead 
of B(x, r). Given A > 0, we write AB for the /l-dilated ball which is the ball with the same centre 
as B and radius Ar. For 1 < p < +oo, we denote the norm of a function / e L P (X) by \\f\\ p , 
by (., .) the scalar product of L 2 (X), and if T is a bounded linear operator from L P (X) to L q (X), 
1 < p, q < +oo, we write ||r||p_» 9 for the operator norm of T. Given a subset E c X, we denote by 
Xe the characteristic function of E and set 

P E f(x)=XE(x)f(x). 

For every B = B(x B , r B ), set A{x B , r B , 0) = B and 

Mxb, r B , j) = B(x B , (j + l)r B )\B(x B , jr B ), j = 1, 2, . . . 

For a given function F : R — » C and R > 0, we define the function SrF : R — » C by putting 
8 R F{x) = F(Rx). Given p e [1, oo], the conjugate exponent p' is defined by l/p + l/p' = 1. We 
will also use the Hardy-Littlewood maximal operator Aif which is defined by 

M/(x) = sup-J- f \f(y)\dfx(y), 

B3X V{B) J B 

where the sup is taken over all balls B containing x. 

2.1. Generalized Gaussian estimates and Davies-Gaffney estimates. We now described the 
notion of the Generalized Gaussian estimates introduced by Blunck and Kunstmann, see [5, 6, 7]. 
Consider a non-negative self-adjoint operator L and numbers m > 2 and l</?<2<g<oo 
with p < q. We say that the semigroup generated by L, e ~ tL satisfies generalized Gaussian (p,q)- 
estimates of order m, if there exist constants C, c > such that for all t > 0, and all x,y e X, 

ii m 
(GGE p , q , m ) \\P B(xJ u m) e' fL P B(yJ u4 p ^ < CV(x,t 1 ' m pp-« ) ex V (- c(^)™- 1 ). 

Note that condition (GGE Piq m ) for the special case (p,q) = (1, oo) is equivalent to m-th order 
Gaussian estimates (see Proposition 2.9, [5]). This means that the semigroup e~ tL has integral 
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kernels p t (x, y) satisfying the following estimates 

(GEJ \p t (x,y)\<y^cxp(-c(^)^) forx,yeX, t > 0. 

There are numbers of operators which satisfy generalized Gaussian estimates and, among them, 
there exist many for which classical Gaussian estimates (GE m ) fail. This happens, e.g., for 
Schrodinger operators with rough potentials [40], second order elliptic operators with rough lower 
order terms [36], or higher order elliptic operators with bounded measurable coefficients [18]. 

The following result originally stated in [51, Lemma 2.6] (see also [3, Theorem 2.1]) shows 
that generalized Gaussian estimates can be extended from real times t > to complex times z e C 
with Rez > 0. 

Lemma 2.1. Let m > 2 and 1 < p < 2 < q < oo, and Lbe a non-negative self-adjoint operator on 
L 2 (X). Assume that there exist constants C, c > such that for all t > 0, and all x,y e X, 

ik^^^iu * cv ^ ' i/m)_(H) ex p ( - <i^f)- 

Let r z = (Rez)™~ l \z\for each z e C with Rez > 0. 

(i) There exist two positive constants C and c' such that for all r > 0, x € X, and z 6 C with 
Rez > 



\PB(x,r)e ZL PB(y,r)\ lp , q 



(ii) There exist two positive constants C" and c" such that for all r > 0, x e X, k e N and z e 
with Re z > 



||-Pfl0r,/-)£ zL Pa(x,t, 



_< C*WH>(, + I)"'- i '(i)^-Vexp(-c1^)*). 



Proof. For the detailed proof we refer readers to [5 1]. Here we only want to mention that the proof 
of Lemma 2. 1 relies on the Phragmen-Lindelof theorem. □ 

Next suppose that m > 2. We say that the semigroup e ~ tL generated by non-negative self-adjoint 
operator L satisfies m-th order Davies-Gaffney estimates, if there exist constants C, c > such that 
for all t > 0, and all x,y £ X, 

in 

(DG m ) \\PB( X ^)e- ,L PB ( y^42^2 ^ C exp ( - c(^)- ] ). 

Note that if condition (GGE p q m ) holds for for some l</?<2<g<oo with p < q, then the 
semigroup e~ tL satisfies estimate (DG m ). 

The following lemma describes a useful consequence of m-order Davies-Gaffney estimates. 

Lemma 2.2. Let m > 2 and let e~ ,L be a semigroup generated by a non-negative, self-adjoint 
operator L acting on L 2 (X) satisfying Davies-Gaffney estimates (DG m ). Then for every M > 0, 
there exists a constant C = C(M) such that for every j = 2,3, . . . 

(2.1) \\P B F( VZ)i>A (WB j)IL 2 < Cj- M (Rr B )- (M+n) \\6 R F\\ W M + n +i 
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for all balls B c X, and all Borel functions F such that supp F c [R/4, R], 
Proof. Let G(A) = 6rF( ^[A)e A . In virtue of the Fourier inversion formula 

G{LIR m )e- LIR "' = -L f c^^^t^/t 
2tt J r 



so 



||P B F(^)P A(wW3 || 2 ^ 2 < J- f |G(r)|||P B e (iY - 1) ^" i P A(;rB , rBj) || 2 ^ 2 JT. 
By (ii) of Lemma 2.1 (with r z = Vl + t 2 /R), 

\\P B e^ mL P A(XB , rB J\ 2 ^ < Cf exp ( - c(-^=f) 



1/2 



< C M f(-&=) " " 

< cr M (\ + T 2 )^{Rr B r (M ^. 

Therefore (compare [22, (4.4)]) 

\\PbF{ ! ^L)PA(x B ,r B ,j)\\2^2 

< C r M {Rr B )< M ^ J \G(t)\(1 + r 2 )^dr 

< Cr M {Rr B r (M+n) { f |G(t)| 2 (1+t 2 ) m+ " +1 Jt) 1/2 ( f (l+r 2 )" 1 ^) 

Jr Jr 

However, supp F c [R/4,R] and supp <5«F e [1/4, 1] so 

l|G|| < Q\S R F\\ 

This ends the proof of Lemma 2.1. □ 

2.2. The Stein-Tomas restriction type condition. Consider a non-negative self-adjoint operator 
L and numbers p and q such that 1 < p < 2 and 1 < q < oo. We say that L satisfies the Stein-Tomas 
restriction type condition if: for any R > and all Borel functions F such that suppF c [0,i?], 

(ST p q 2>m ) ||F( VZ)/V,)|U < CV(x, r)H { Rrf^\\ 6R F\\ q 

for all x e X and all r > l/R. 

An interesting alternative approach to restriction type estimates is investigated by Kunnstman 
and Uhm in [35, 51], see (4.3) of [35] and the Plancharel condition (5.30) of [51]. Let us point out 
that estimate (ST 2 2m ) implies sharp Bochner Riesz results for all p. 

Note that if condition (STp 2m ) holds for some q e [1, oo), then (STp 2m ) holds for all q > q 
including the case q = oo. 

The next lemma shows that if q = oo then condition (ST^° 2 m ) follows form the standard elliptic 
estimates. 

Proposition 2.3. Suppose that (X,d,fj.) satisfies property (1.2) and (1.3). Let 1 < p < 2 and 
N > n(l/p — 1/2). Then (ST~ 2m ) is equivalent to each of the following conditions: 
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(a) For all x e X and r > t > 

(G P ,2,m) \\e-' L Pb M \\ p ^ 2 * CV(x,r)i"p(-) " . 

(b) For all x eX and r > t > 

(E p ,2,m) ||(/ + * ^r N P B ( x ,4 p ^ 2 < CV(x, r)W i^J ( " " ] . 

Proof. The proof is originally given in [11] only second-order operators. However, with some 
minor modifications, the proof can be adapted to the mth-order version, and we omit the detail 
here. □ 



The following lemma is a standard known result in the theory of spectral multipliers of non- 
negative selfadjoint operators and it is a version of [11, Lemma 4.5] adjusted to the setting of 
m-order operators so we use the same notation. 

Lemma 2.4. Suppose that operator L is a non-negative self-adjoint operator L on L 2 {X) satisfying 
Davies-Gajfney estimates (DG m ) and condition (G P0i 2, m )/or some 1 < po < 2. 

(a) Assume in addition that F is an even bounded Borel function such that 

sup \\ijS t F\\c* < 00 

for some integer k > n/2 + 1 and some non-trivial function rj £ C£°(0, oo). Then the oper- 
ator F( yfL) is bounded on LP (X) for all po < p < p' . 

(b) Assume in addition that \p be a function in J^(R.) such that i/f(0) = 0. Define the quadratic 
functional for f 6 L 2 (X) 

Q L (D(x) = (J]m^)f\f 2 . 

jeZ 

Then Q L is bounded on L p (X)for all po < P < p' - 
Proof. It follows from (G P0i2 , m ) that 

(2.2) \\PB (x ^)e- tL P B ^i4\p^2 < CV(x, t l/m y-™. 

Let r G (po, 2). By (2.2) and Davies-Gaffney estimates (DG m ), the Riesz-Thorin interpolation 
theorem gives the following U - L 2 off-diagonal estimate 

(2.3) \\P B ( x , t u m) e- tL P B ^ lm) \\„ 2 < CV(x, t l/m )^ exp ( - c^^-f 1 ) 

for all x, y 6 X and t > 0. Assertion (a) then follows from [4]. The latter off-diagonal estimate 
implies that L has a bounded holomorphic functional calculus on U for p < p < p' (see [4]). It 
is known that the holomorphic functional calculus implies the quadratic estimate of assertion (b) 
(see [16, 38]). □ 
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3. A CRITERION FOR If BOUNDEDNESS OF SPECTRAL MULTIPLIERS 

In this section, we shall state and prove a criterion for LP boundedness of spectral multipliers. 
In many cases, this theorem allows us to reduce the proof of the //-boundedness of general mul- 
tiplier operator F(L) to obtaining estimates for operators corresponding to dyadically supported 
functions. Then in the next section, we will show that sharp results for spectral multipliers with 
dyadic support follows from restriction type conditions. 

In what follows, we fix a non-zero C°° bump function on R such that 

(3.1) supp0 c (1,2) and V (f>(2' c A) = 1 for all A > 

2 (ez 

and set cf> { (A) = (f>(A/2 e ). 

The aim of this section is to prove the following result. 

Theorem 3.1. Let Lbe a non-negative self-adjoint operator L on L 2 (X) satisfying Davies-Gajfney 
estimates (DG m ) and condition (G Po x m ) far some 1 < p < 2. Let F be a bounded Borel function 
such that for p e (po,p' ), 

(3.2) sup \\{<p6 t F){ VZ)||^ P + sup \U6 t F){ VZ)|| 2 ^ 2 < A 

t>0 t>0 

holds. Then for every M > n/2 + 1, there exists a constant C > such that 

SUp t>0 \\(f>8 t F\\ W M + n + l ."Vlj-jl 



||F(VZ)||^<CA[log(2 + 

The proof of Theorem 3.1 is inspired by ideas developed in [1, 21, 29, 41, 42]. 

Let us introduce some tools needed in the proof. Let T be a sublinear operator which is bounded 
on L 2 (X). Let {A r } r>0 be a family of linear operators acting on L 2 (X). For / 6 L 2 (X), we follow 
[1] to define 

M»^(x) = 8up(J- f \T(I-A rB )f\ 2 dp) m , 

B3x V\P) J B 

where the supremum is taken over all balls B in X containing x, and r B is the radius of B. 

Proposition 3.2. Suppose that T is a sublinear operator which is bounded on L 2 (X) and that 
q 6 (2, oo]. Assume that {A r } r> o is a family of linear operators acting on L 2 (X) and that 

(3-3) ^ \TA rB f(y)Up{y)) llq < C(M(\Tf\ 2 ) m (x) 

for all f 6 L 2 (X), all x 6 X and all balls B 3 x, r B being the radius of B. 
Then for < p < q, there exists C p such that 

(3-4) ||(M(ir/l 2 )) 1/2 || P < C p (\\M # TA f% + \\f\\ p ) 

for every f e L 2 {X) for which the left-hand side is finite (if p{X) = oo, the term C p \\f\\ p can be 
omitted in the right-hand side of (3.4). 

Proof. For the proof of Proposition 3.2, we refer readers to [1, Lemma 2.3]. □ 
Proof of Theorem 3.1. Given a bounded Borel function F, we consider an operator T F , given by 



T F f{x) = {Y J UlF){^L)f{x)\ 2 

keZ 



1/2 
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For this operator T F , condition (3.3) always holds for every 2 < q < p' and A rB = I - (I - e r "B L ) K 
for every K e N. Indeed, in virtue of the formula 



and the commutativity property {(p 2 k F){ ! \fZ)e s1 b l = e s,J B L ((p 2 F)( a/Z), it is enough to show that for 
all B 3 x, 

(3-5) (J- f ( £ \e-^\<p\F){ VL)f(y)\ 2 f 2 d M (y)f q < C(M(\T F f?) 1/2 (x). 

y{ ) Jb keZ 

To prove (3.5), we observe that hypothesis (DG m ) and (G Po ,2, m ) imply (GGE q / i2 , m )- By duality, 
(GGE 2 ,q im ) holds. By Minkowski's inequality, (ii) of Lemma 2.1, conditions (1.2) and (1.3) for 
every s = l,2,...,K and every B 3 x, the left hand side of (3.5) is less than 

on 

1 1/2 



7=0 keZ 

CO 

< V{Bf llq £ \\Pse-^ L P Mmj) h-, q { X \UlF)t ^)f\\lHA (WB J 12 

7=0 keZ 

K cffvm+m^ ^u — i — r vk^x^/cv)! 2 ^)} 172 

ZjI V(B) I \v((j+l)B)J u+l)B ^ Wk >Jyy> \ ™>l 

CO 

< cJe-/*-"(l + / 2 (Al(|T f /P) 1/2 (x) 

j=o 

< C(M(\T F f\ 2 ) u \x). 

The above estimates yield (3.5). 

Define, for every K eM and every / 6 L 2 (X), 

(3-6) K P ,L, K m = f \T F (I-e- r "s L ) K f(y)\%(y)) m , 

B3.x V(n) Jb 

where the supremum is taken over all balls B in X containing x, and r B is the radius of B. Note 
that by duality it suffices to prove Theorem 3.1 for 2 < p < p' Q . We shall show that if K is large 
enough, then 

(3-7) \\M% A j\\ p < CAN^\\f\\ P , 

where A is given in (3.2), and 

/ sup, >0 \\(p8 t F\\ w M+n + \ s 

(3.8) AT = log[2 + 2 j. 

Once we show estimates (3.7) and (3.8), it follows from (b) of Lemma 2.4 and Proposition 3.2 
(with some p < q < p' Q ) that 

\\F(fL)f\\ p < C\\T F f\\ p 

< C\\(M(\T F f\ 2 )) m \\ p 

< C p (\\M # TF ^ K f\\ p + ll/H,) 
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< CAN~n\f\\ p , 

and this concludes the proof of Theorem 3.1. 

Therefore it suffices to prove (3.7). By Minkowski's inequality 

M%^J{x) < g t (f)(x) + 4(/)00, 

where 

mm = sup (J- f V |(7 - e-^fi^FX fL)f(y)\ 2 d»(y)) 1 

and 

m)(x) = sup (J- f V |(7 - e-^ L f{cf>lF){ VL)f(y)\ 2 dfi(y)f 

B3, J B]k+]og2rB]>N 

To prove estimate (3.7) it is enough to show that 

(3.9) \\m)\\ P < ™B||(£ W){^L)f\ P ) llP \\ p 

fceZ 

and 

(3.10) \W 2 (f)\\ P < CA\\( J] \U VL)f\ 2 f 2 \l 

keZ 

Indeed, by (3.9) and (3.2), 

i: 



keZ k 

keZ 

< CA»\\f\\P p . 

Noq by (3.10) and Lemma 2.4, 

\\W)\\p < CA\\f\\ p . 

These estimates imply (3.7). 

It remains to prove claims (3.9) and (3.10). 
Proof of (3.9) Similarly as in the proof of (3.5), (DG m ) and (ii) of Lemma 2.1 yields 

mm 

K co 



K co \ n 



< C^-^MO^I^FXVZ^r}^)) 1 ^,). 



keZ 



Then by L p/2 -boundedness of M 

\\*m\ P i cN^\\{Y,\imi^)f\y lp 



p 

k£Z 
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This shows (3.9). 

Proof of (3.10). We need a further decomposition of S%(J~). Note that 

m){x)<s 2l {f){x) + ^ 22 {f){x\ 

where 

# 21 (/Xx) = su P (-i- f V |(i- e -^Y(^)(^)(P 2B ^(^)/)(y)r^)) 1/2 

and 

*2(/)W = (-5- f V |(/- e- r « L ) K (<t> k F)( VZ)(Px\2bM VL)f)(y)\ 2 du(y)) U2 . 

We first estimate the term <f 2 i(/)- By (3.2) 
<%i(/X*) 

< sup (J- V ||(i - e -^)*w)( VL)(P 2B 0,( VI)/)g 1/2 

/ 1 r V-i . . . mrzr. .12 . . ,\l/2 

< Cf 



sup sup ||(1 - ^ L )*W)( VZ)|L 2 sup (-JL- f V |^( mmfdfiiy)) 11 

r B >0 keZ B3x V(Zti) J 2 b 

CA(At(2|^(VI)/| 2 )) 1/2 W. 



keZ 

v ' . <»/— . \n 

keZ 

By Z/ /2 -boundedness of M 

J/2 



ll^2i(/)llp < ca||(M(^i«mVZ)/i 2 )) 
< ca||(2K(Vl)/| 2 ) 1/2 || p . 

fceZ 

Next, we consider the term $ 22 {j}. Observe that 

oo 

%2(f)(x) < sup J] Yj V (BT m \\PB{\ - e'^fifaFX VL)(Pao», b j)M VE)/)|| 2 . 

B3Jr j=2 \k+log 2 r B \>N 

By conditions (1.2) and (1.3), 

||P fl (l - e- r "s L f^ k F)( VL)(PA {XB ,r B jM VE)/)|| 2 

< Cf' 2 V(B) 1/2 \\P B (l - e-^fWkFX Vl)Pm w J\^2 x 

x ( v „-l nm f l&( ^L)f(y)\ 2 diu(y)) m . 
y V((j+ 1)5) J 0+1)B ' 

To continue, we note that the function (1 - e~ r B' r ) K (pk(A)F(A) is supported in [2* _1 , 2* +1 ]. Now, if 
is an integer greater than M + n + 1, then for Sobolev space W r 2 M+ " +1 (R) 

|fe + i((l - e-^ r y0,WF(i))|| wr+ , 
< ||(1 - e- (2i+lr ^ )m )^0(^)<5 2t+ iF(A)|| wr n +I 
< || ( i _ e -(2^^ r ^ ||ci n) \\<p6 2M F\\ W M^ 
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<Cmin{l, (2*r B ) m *}sup||#,F|l 

f>0 2 



By Lemma 2.2 for every M > 

||P B (1 - e-* L )*(<f> k F)( ^L)PA (XB ,r B ,j)\\ 



2^2 



< Cf M (2 k r B y M - n \\6 2k+l ((l - e-^ A YMVF(A))\\ W M +n -- t 



'2 



< Cj min{(2r B ) , (2 r B ) } sup ||0(5 f F|LM+,, + i . 



f>0 



Therefore, we sum a geometrical series to obtain that if M > n/2 + 1 and mK - M - n > 1 in (3.6), 
then 



/2-M 



<%2(/)C*) < C sup ||<^F|lwf sup V / 
V min{(2V,r M -", (2V B r-^}( -— 1— f |0*( vT)/| 2 ^) 1/2 

C2- w sup H^FH^i V / /2 " M sup ( — — — V \M mf\ 2 dfif 2 

t>o 2 pi bbx V V((;+ 1)B) Jo + i)fl^ ; 

ca(m(J]i^(VI)/i 2 )) 1/2 w, 



< 

/fceZ 

where we use the fact that by condition (3.8), 2~ N sup, >0 \\(p5 t F\\ W M^\ < CA. 
Again, by L p/2 -boundedness of M 

1/2 1 



At" 



This shows (3.10) and completes the proof of Theorem 3.1. 



By a classical dyadic decomposition of F, we can write F( VI) as the sum 2 Fj( VI). Then we 
apply Theorem 3.1 to estimate ||F ; ( VI)||r-»r. However, as mentioned in the introduction, this does 
not automatically imply that the operator F( VI) acts boundedly on U . See [10, 41, 42] where 
this problem is discussed in the Euclidean case. 

We shall now discuss a a criterion which guarantee boundedness of F(L) under assumption that 
multipliers supported in dyadic intervals are uniformly bounded. In Section 4 we describe results 
concerning multipliers supported in dyadic intervals. 

Theorem 3.3. Let Lbe a non-negative self-adjoint operator L on L 2 (X) satisfying Davies-Gajfney 
estimates (DG m ) and condition (G Po2 ,m) far some 1 < p Q < 2. Assume that for any bounded Borel 
function H such that supp H C [1/4, 4], the following condition holds: 

(3.11) sup||#(*VZ)||^ p <C||tf|U 

for some p 6 (p , 2), a > n(l/p - 1/2), and 1 < q < oo. Then for any bounded Borel function F 
such that 



(3.12) 



supH^FHw" < oo 

t>0 



SHARP SPECTRAL MULTIPLIERS 



13 



for some a > max{n(l /p — 1 /2), l/q}, the operator F(L) is bounded on U(X)for all p < r < p' . 
In addition, 

(3.13) ||F(L)|U r <Csup||^F|| wr . 

Proof. Observe that \\F\\^, ~ ||G|| W </ where G(A) = F( VI). For this reason, we can replace F(L) 
by F( VL) in the proof. Let if/ be a. C°°-function, supported in {|£| < 1/8}, J i//(^)d^ = 1. Further 
set ifr e = 2 t i]/{2 t •), ( = fa - fa-i if > 1), 6 = <Ao- We write 

F = J]<f>(2-j-)F 

jeZ 

= X Z & * (<W-))](2-;.) 

7'eZ £>() 

(3.14) = YjF e 
and so for every p < r < p' 

||F(VZ)iu r <^||F,(VI)]U r . 

To estimate terms ||i 7 f ( yL)|| r ^ r , ^ > Owe shall apply Theorem 3.1 . Firstly, we claim that for 
p < r < p', there exists some r\ r > such that 

(3.15) sup \\(<f>6 t F ( )( VL)]U r < C r 2-i' e sup ||^ f F|| w «. 

By duality we may assume that p < r < 2. Observe that Q t * (0F(2 7 -)) is supported in : | < 
|f| < 4}. If I > 1, we have that for t e [2 k , 2 k+1 ], 

k+4 

(3.16) (#^)(VZ) = Yj 0(VZ)[^*(0F(2^-))](2- 7 Va/L). 

j=k-4 

Now we recall that if 1 < q < oo and a - l/q > 0, then 

and ||F|| A , . < C||F|| W «. See, e.g., [3, Chap. VI ] for more details. Hence 

mto{c«-~,£] 1 

U5 t F\\ A m in(o-l/ ? , 1/2) 

This implies that 

* (W-))IU < C2~ fe sup H^FHwy 

fi>0 

with 6 = min{a - l/q, 1 /2}. Hence 

* ((/>F&-))](2- j t VZ)|| 2 ^ 2 < C2- /£ sup II^FH^. 

f>0 

By (3.16) and the fact that \\<p( fL)\\ 2 ^2 < C 

(3.17) ||(<^F,)(VZ)|| 2 ^ 2 < C2^sxxp\\cf>6 t F\\ w? . 

t>0 
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Note that for each I, the function Q t * {<pF{2 j -)) is supported in : \ < |£| < 4}. By (3.11) 

\\[e e * (cf>F(2 j -))](2- j t VL)\\r> p < Q\9 t * (cpF(V-))\\ w , 

< CsupH^fFHw". 

t>0 

(a) of Lemma 2.4 shows that \\<p( fL)\\ p ^ p < C. By (3.16) 

\\((Pd t F € )(^L)\\ p ^ p < CsupH^FHwy. 

f>0 

Then it follows from the interpolation theorem that for every r e (p, 2), 

IK^F/X VE)|U r < C r 2-^sup||0^F||^ 

t>0 

with T] r = e(\/r - l/p)/(\/2 - l/p), and this shows (3.15). 
By Theorem 3.1 for every M > 1 + | , 



(3.18) ||FXVZ)|U r < C2-"' f sup||^F|| w Jlog(2 



sup f>0 ||0^F f || W M + „ + . xl iHl 
+ 2-^sup f>o ||0<y f F|| wr 



Let 5 > 1 such that ^ + 7 = 5- The Plancherel theorem and Young's inequality yields that if t > 1, 
and? 6 [2*,2* +1 ], 



||0(-)[^*(0F(2^))](2-^)II<^ < 11(1 +^ 2 ) M ^ ±i ^F(2i-)(^(^ll2 

< ||^F(2' / -)llw«ll^llw« + " +1 -'' 



< c2 .(, !+ M- ff+5 + ,) sup||#;F|| 
f>0 



Hence 



(3.19) sup \\cf)6 t F e \\ W M + n +l < C 2 e{n+M ~ a+ ^ ) sup ||# f F||^. 

f>0 2 f>0 '' 

Substituting (3.19) into (3.18), we get 

||F,(VE)|U r < C2-^(l+^7-il sup ||^F|| w? . 

Analogously, ||F (VI)||^ < C sup f>0 ||0(5 f F||v^«. Summing a geometrical series we obtain 
||F( VL)|| r _ >r < C sup f>0 ||0£,F||vr- This completes the proof. □ 



4. Dyadiclly supported (non- singular) spectral multipliers. 

In this section, we will show that restriction type conditions can be used to study spectral mul- 
tipliers corresponding to functions supported in dyadic intervals. We assume that (X,d,p) is a 
metric measure space satisfying the doubling property and n is the doubling dimension from con- 
dition (1.3). 
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4.1. Operators with continuous spectrum. Consider a non-negative self-adjoint operator L and 
numbers p and q such that 1 < p < 2 and 1 < q < oo. Given i?o ^ 0, we say that operator 
L satisfies the local Stein-Tomas restriction type condition if: for any R > Rq and for all Borel 
functions F such that suppF c [R/2,R], 

(STikJRo \\F( VZ)/V r) ||^ 2 < CV(x, r)H(Rr)<^\\6 R F\\ q 

for all x e X and all r > \/R. 

The condition (ST p2m ) Ro is a small modification of the restriction type condition (ST p2m ) 
Namely here we consider function supported in the interval [R/2,R] rather then [0,7?], which 
allows us to study localized version of spectral multipliers, see Theorems 4.2 and 6.8 below. 

Note that condition (ST p2m ) implies (ST p2m ) Ro for all R > 0. If in addition we assume that 

X{0}( VI) = then for R = condition (STj 2 m ) Ro implies (STj 2 m ). 

We say that L satisfies LP to LP' restriction estimates if there exists Aq > such that the spectral 
measure dE wj(/i) maps L P (X) to L P '(X) for some p < 2, with an operator norm estimate 

OVmU \\dE TL (A)\\ p ^ p/ < CA^-y yi for all A > A , 

where n is as in condition (1.3) and p' is conjugate of p, i.e., \/p + l/p' = 1. 

Proposition 4.1. Let 1 < p < 2 and Rq > 0. Suppose that there exists a constant C > such 
that C~ l r" < V(x,r) < Cf 1 for all x £ X and r > 0. Then conditions (R p , m )Ro/2> (ST^^r,, and 
(ST p , m ) Ro are equivalent. 

Proof. The proof is similar to that of Proposition 2.4 of [1 1] with minor modifications. We give a 
brief argument of this proof for completeness and readers' convenience. 

We first show the implication (R Pim ) Ro /2 => (ST pp , m ) Ro . Suppose that F is a Borel function such 
that suppF c [R/2,R] for some R > R . Then by (R p , m ) Ro /2 

\F(A)\\\dE w (A)\\ p ^dA 

r R 

< C I \F(A)\A n( p-y yi dA 

Jr/2 

r R 

< CF^'~7 yi \F(A)\dA 

Jr/2 

< cvix^y-krRfp-y^FWu 

where in the last inequality we used the assumption that V(x, r) < Cr". 

Next we prove that (ST* , m ) Ro => (STj; 2m ) Ro . Note that V(x, r) ~ r" for every xeXandr>0. 
Letting r — > oo we obtain from (ST p , 

\\f{ VZ)||^ p , < c^-7\s r f\\u R > R . 

By T*T argument 

lh^)HU = IK^IU * CR 2 ^\\6 R Ff 2 . 

Hence 

||F( Vt^^m < ||F( VL)|L_ 2 < CVix, r)i-i(.Rrfi-^HS R Fh. 
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This gives (ST 2 p2 J Ro . 

Now, we prove the remaining implication (ST 2 2 m ) Ro => (Rp,m)Ro/2- By volume estimate V(x, r) 
C~ 1 r" and condition (ST 2 2 m ) Ro 



> 



(4.1) 



\\F(mPBU\ P ^^CR<^\\6 R F\\ 2 



for all Borel functions F such that suppF c [R/2,R], all R > Rq, all x e X and r > 1 /R. Taking 
the limit r — » oo gives 

(4.2) ||f(Vl)||^ 2 <c/?^-^||^f|| 2 . 

Let 6 < #/4. Putting F = ,fw- e ,/i+ e ] and i? = A + e in (4.2) yields 



e l E ^{A - s, A + s] 



= e 



-l 



£ ^(/l - s, A + s]\ 



p^2 



< Ce-\A + ^-%^Jl 

< C(A + e) n(L p~y ] ~\ 

Taking s — » yields condition (R p , m )R /2 (see Proposition 1, Chapter XI, [52]). 



The following result and its proof are inspired by Theorem 1.1 of [28]. See also Theorem 3.1 
of[ll]. 

Theorem 4.2. Suppose that (X, d,p) and a non-negative self-adjoint operator L acting on L 2 {X) 
satisfies estimates (DG m ) and (G Pi 2, m ) for some 1 < p < 2. Next assume that condition (STp^)^ 
holds for some Ro > and and 1 < q < oo and that F is a bounded Borel function such that 
suppF c [1/4,4] andF £ W%(R)for some a > n(l/p- 1/2). 

Then for every p < r < 2, F(t yfL) is bounded on U(X), 

(4.3) sup \\F(tyfl)\U r < C r \\F\\ w « 

«l/(8Ro) 

and 

(4.4) sup \\F(t^L)\\ r ^ r <C r \\F\\ w ^ 

t>l/(SR ) 

Proof Let <f> e C?(R) be a function such that supp0 c : 1/4 < |£| < 1} and £ feZ <p(2- c A) = 1 
for all A>0. Set fo(A) = 1 - ZZo 0(2"^), 

i /->+oo 

(4.5) G (0) (i) = — Ur)G{r)e hA dr 
and 

(4.6) G^U) = — 0(2-^r)G(r)^ dr, 

til J-oo 

where G(A) = F( y[X)e x . Note that in by the Fourier inversion formula 

oo 
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Then 

CO oo 

(4.7) F{TX) = G{X)e- A = ^ G {f) {X)e~ x =: ^ F (€) ( yfA) 

so 

CO 

(4-8) IN^)IU * ZIK^IU re ^ 2 )- 

Next we fix e > such that 2ne(l/p - 1/2) < a - n(l/p - 1/2). For every t > and every ^ 
set p/ = 2 £( - 1+£ h. Then we choose a sequence (x„) e X such that d(xt, xj) > pt/10 for i ^ _/ and 
swp xeX mfid{x,Xi) < Pf/10. Such sequence exists because X is separable. Now set B t = B(xi,p { ) 
and define 5, by the formula 

j<i 

where B (x,p e ) = {y e X: d(x,y) < p ( ). Note that for i * j, B(x h %) n g) = 0. 
Observe that for every k e N, 

V(jc 2 k+ ^pi) 

sup #{ j : d(Xi,xj) <2 k p e } < sup ' — 

' d{x,y)<2 k p e V ^^W 



(4.9) < C2 kn sup ^ Pf W < C2 kn 



V(y,2 k+2 p t ) 
y V{y, g) 



Set £) p< = {(x, y)elxl: rf(x, y) < p^}. It is not difficult to see that 

(4.10) D Pe Q [j BiXBjQD^. 

{(,;': d(xi,Xj)<2p ( } 

Now let i// 6 C™(1/16, 16) be a such function that </K/T) = 1 for A e (1/8, 8), and we decompose 

d(xi,Xj)<lp e 

+ Z p-B^-^Ht^mp^f 

d(xi,Xj)<lp t 

(4.11) + p-g.F^Xt ! s/L)Pg.f = i + n + m. 

d(xi,Xj)>2p t 

Estimate for I . By Holder's inequality, 

ii £ Ps,(^)(t mp~ Bj m = z ii Z ^o^X' ^/ic 

i,j:d(xj,Xj)<2p e i j:d(xi,Xj)<2p ( 

^ C Z Z 

(' j: d(Xi,Xj)<2p t 

* c Z Z W^^II^^X; VE)P 5 /||; 

i j:d(Xj,Xj)<2p ( 

< c^viBjY^-hi^xt^p^ 
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< c sup M*,p/)*H>iio^)(f VZ)/wi^ 2 } V hp 5 /ii; 
(4.12) = C sup {V(x, P ,y ( H)||(^)a VI)P B(A -, Pf) ||^ 2 }||/|i;. 



Case 1. t< l/(8/? ). 

We assume that t/r e C c (l/16, 16) so we can write (iffF®)(t VI) = ZLo (Af[2*-4,2«)</^ (f) )(^ VI). 
If t < 1 /(&/?o), then we use condition (STjJ 2 m ) Ro to show that for every i > 4, 

||(^^)(^)P B(W) ||^ 2 < CV(*,p,)H2*~*H>£ ||^ rl (^V)||, 

/t=0 

(4.13) < cv{x, Pe y-h til+E) <-hG ( %. 

Note that by Proposition 2.3, (G P; 2, m ) implies (ST°° 2m ). From this, it can be verified that for 
€ = 0, 1,2,3, llC^Xf^P^H < CV(x,p t )*-hF\\ q . Hence 



^ sup {V(x,p,)H||(^X* VL)P BOw) ||^ 2 } < Q\F\\ q + C £ 2^<-hG^\ 

1=0 xeX t=4 



(4.14) < C||F||, + C||G|L (H)+ „ 

q. 1 

where 6 = sn{- - \) and the last equality follows from definition of Besov space. See, e.g., [3, 

P * 

Chap. VI ]. Since 26 < a-n(± - ±), we have that W° c g^ /p - 1,2)+s w ith \\G\\ B „ai P -m^ < CJG||^, 
see again [3]. However, suppF c [1/4,4] so \\G\\w% < \\F\\ W °- Hence the forgoing estimates give 

CO 

(4.15) ^sup{y(x,p,)i^||(.AF m )aVL)P^ Pf )||^ 2 } < C\\F\\ W *. 



e=o X€X 



Case 2. t> l/(8/2 ). 

Note that by Proposition 2.3, (G Pi2 , m ) implies (ST~ 2m ). At the step (4.13) we use the condition 
(ST£° 2m ) in place of (ST^^)^, and the similar argument as above shows 

oo 

(4.16) J^sup{V(x,pd^(^)(t^)P B{XtP 4 p ^ 2 } < C\\F\\ WSi . 



e=o xeX 



Estimate ofE. Repeat an argument leading up to (4.12), it is easy to see that 

]| ^ P «.( (1 - VL)PBjfWr < QUI ~ lf,)F (e) Xt ^QPs^Jr^rWfWr 

d(xi,Xj)<2p e 

< cwai-^F^xtVL^MWr, 

where, for a fixed N, one has the uniform estimates 



< C,2- W (l+ W)-"||F|| W; . 
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But (a) of Lemma 2.4 then implies that for every r e (p, 2), 

||((1 - ^)F w )(?A/E)|U r < C2- m \\F\\ w? . 

Therefore, 

CO 

(4.17) ^ ||((1 - ^)F^)(t VE)|U r < C||F||^. 

Estimate of HI. Note that 

II p^%vz);vii; = xil E ^^(^^/li: 

i,j:d{xi,Xj)>2 ( V +e h i j: d(x i ,Xj)>2 {l . 1+ ' 1 '>t 

< ;': d{Xi,Xj)>2 l( - l + E h 

To go further, we need the following lemma. 

Lemma 4.3. Suppose that assumptions of Theorem 4.2 are fulfilled. Let r e (p, 2). For a// 

£ = 0, 1 , 2, . . . and all x,-, wzY/z J(jc,-, x ; ) > 2 e( - 1+E h, exist some positive constants C, C\ , c 2 > 

llFg;^ VL)ZV|| r < Ce- 2 ^ exp( - c 2 (^|^)^)||F|y^/||, 
Proof. By the formula (4.6), 

\\P~ Bi F^^L)P~ Bj f\\ r 

X+oo 
|0(2- f T)G(T)||| J P 5i e ( '' T - 1)r '" L J P^||^ r dr, 
CO 

where G(/l) = F( y[X)e A . Recall that hypothesis (DG m ) and (G p , 2 , m ) imply (GGE r2 ). This, in 
combination with Lemma 2.1 (with z = (ir - l)t m ), gives 



< CV(Xi,— ) ( < ■ 2 J 1 + — Vl+T 2 exp -c — — — , 

which shows 



p . ir-l /"in 

I M-Km-io- 1 IB J II r-»r 

^ Hp (ir-i)fLp II ||p || 

< C(l + (Vl+r 2 ) exp -c — — ). 

1-2 



Hence, if re [2 { ~ l , 2% then 



I i>i #/llr->r II To' "W»T!j)llr— »r 



< C2 Ml +S )(i-|) exp (_ c (^|^))^). 
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Substituting the above inequality into (4.18) and using the fact that ||G|L < \\F\\ q yield that for 

d( Xi ,Xj)>2« 1+ % 

\\P~ B F ({ \tyfL)P- Bj f\\ r < ctK+rt-^e*** exp( - C2 (^^)^)||F||^/|| r 

< Ce^ exp( - C2 {^^)^)\\F\\ q \\P- B] ft 
with c\ = c/4 and c 2 = c/2. This proves Lemma 4.3. □ 



Back to the proof of 'Theorem 4.2. By (4.9) for every i 

^V{-C2{—^ r ) ) < 2, 2j exp(-c 2 2^) 

7: d{x u xj)>2^ e h k=\ j : 2 k 2 £ ( {+E H<d{x i ,Xj)<2 k+l 2 E ^t 

CO 

< £2 2te exp(-c 2 2^)<C, 
k=i 

which, together with Lemma 4.3 and the Cauchy-Schwarz inequality, yields 

|| £ w^VEftjl 

j i:d(x h Xj)>2 ei - [+E h 

eCm 

< Ce- c ^\\F\\ q \\f\\ r r . 

Therefore, 

CO CO 

£|| £ P~ B F^tfL)P- Bj f\\ r < cJ]e-- 2m \\F\W\\ r 

f=0 i,j:d(Xi^j)>2 e ^t (=0 

(4.19) < C||F|y|/||,.. 

Estimates (4.3) and (4.4) then follow from (4.8), (4.11), (4.12), (4.15), (4.16), (4.17) and (4.19). 
This completes the proof of Theorem 4.2. □ 

As we explained in the introduction, a standard application of spectral multiplier theorems is 
Bochner-Riesz means. Such application is also a good test to check if the considered multiplier 
result is sharp. Let us recall that Bochner-Riesz means of order 6 for a non-negative self-adjoint 
operator L are defined by the formula 

(4.20) s s R (L) = {l-^j\ R>0. 

The case 6 = corresponds to the spectral projector E ^[0,/?]. For 6 > we think of (4.20) as 
a smoothed version of this spectral projector; the larger 6, the more smoothing. Bochner-Riesz 
summability on LP describes the range of 6 for which S S R (L) are bounded on L p , uniformly in R. 
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Corollary 4.4. Suppose that the operator L satisfies Davies-Gaffney estimates (DG m ) and condi- 
tion (STp 2 m ) with some 1 < p < 2 and 1 < q < oo. 
Then 

R>0 v KT'+Ur-tr 



for all p < r <2 and 6 > n( 1 /r — 1/2) — l/q. 

Proof Let F(A) = (1 - A m ) 6 + . We set 

F(A) = F(A)(f>(A m ) + F(A)(1 - <f>(A m )) =: F x (A m ) + F 2 (A m ), 

where <f> e C°°(R) is supported in : |£| > 1/4} and = 1 for all |f| > 1/2. Observe that i 7 6 W£ if 
and only if 5 > or - l/q. This, in combination with Theorem 4.2, shows that for all p < r < 2 and 
5 > n(l/r- 1 /2) - 1 /q, sup s>0 \\F \{L / R m )\\ r ^ r < C. On the other hand, it follows from Lemma 2.4 
that \\F 2 (L/R m )\\ r ^ r < C uniformly in R > 0. This completes the proof of estimate (4.21). □ 



4.2. Operators with non-empty point spectrum. It is not difficult to see that condition (STp 1 2 m ) 
with some q < oo implies that the set of point spectrum of L is empty. Indeed, one has for all 
< a < R and x e X, 

\\l {a} (VL)P BM \\ p ^ 2 < CV(x,ry--krR)<-^ {a] (R-)\\ q = 0, Rr > 1 

and therefore l) fl |( ! \fZ) = so the point spectrum of L is empty, see [22]. In particular, (STp 2m ) 
cannot hold for any q < oo for elliptic operators on compact manifolds or for the harmonic oscil- 
lator. To be able to study these operators as well, we introduce a variation of condition (STp 2m ). 
Following [17, 22], for an even Borel function F with suppF c [-1, 1] we define the norm ||F||jv 9 
by 

( 1 N \ 1Jq 



\\F\\ N n = 



jl 



sup \F(AW 



where qe [l, 00) and ./V e N. Forg = 00, we put ||F|] Wi00 = HFIU. It is obvious that \\F\ \ N ^ q increases 
monotonically in q. 

Consider a non-negative self-adjoint operator L and numbers p and q such that l < p < 2 and 
l < q < 00. Following [ll], we shall say that L satisfies the Sogge spectral cluster condition 
if: for a fixed natural number k and for all N 6 N and all even Borel functions F such that 
suppF c [-N,N], 

(SCjlm) \\ F ( ^V,r)|L 2 < CV(x, r)^(Nr)<-h5 N F\\ N ^ q 



for all x £ X and r > 1 /N. For q = 00, (SC°° 2 * m ) is independent of k so we write it as (SC°° 2 m )- 



Remark 4.5. It is easy to check that for k > 1, (SC^ ' 2 m ) implies (SC^ ' 2 m ). Moreover, if p{X) < 00, 
then conditions (SCj^ m ) and (STp^ m ) are equivalent see Proposition 3.11, [1 1]J. 

The next theorem is a version of Theorem 4.2 suitable for the operators satisfying condition 

(sc- m ). 
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Theorem 4.6. Suppose the operator L satisfies Davies-Gajfney estimates (DG m ), conditions (G p> 2, m ) 
and condition (SC^ m ) for a fixed k e N and some p,q such that 1 < p < 2 and 1 < q < oo. In 
addition, we assume that for any e > there exists a constant C E such that for all N e N and all 
even Borel functions F such that supp F c [-N, N], 

(AB p , m ) ||F( yfL)\\ p ^ p < C £ N m( T^ )+£ \\5 N F\\ N ^ q . 

Let p < r < 2. Then for any function F such that suppF c [1/4,4] and ||F||w» < oo for some 
a > max{n(l/jc - 1/2), l/q}, the operator F(t y[L) is bounded on LP (X) for all t > 0. In addition, 

(4.22) sup||F(^)|U,<C||F|| w? . 

f>0 

Note that condition (SCp 1 '" 2 m ) is weaker than (ST^ 2 m ) and we need a priori estimate (AB p m ) in 
Theorem 4.6. See also [17, Theorem 3.6] and [22, Theorem 3.2] for related results. Once (SCp 1 \ m ) 
is proved, a priori estimate (AB p m ) is not difficult to check in general. 

Proposition 4.7. Suppose that fx(X) < oo and (SCp 1 ' \ m ) for some p, q such that 1 < p < 2 and 
1 < q < oo. Then 

for all N € N and all Borel functions F such that supp F c [-N, N]. 

Proof. We follow Proposition 3.7 of [22] to prove the result (see also [22]). Since ix{X) < oo, we 
may assume that X = B(x , 1) for some x 6 X. It follows from Holder's inequality and condition 
(SCJJ) that 

l|F(VZ)||^ p < V(X)H||F(VZ)/v oJ) ||^ 2 

< CV(X)Hv(X)HN n(i P -Hs N F\\ N , q 

< CN n{ f-^\\S N F\\ N , r 

This means that (AB p m ) is satisfied. This proves Proposition 4.7. □ 

Remark 4.8. Suppose that p(X) < oo and (SCp2 m ) holds for some k > 1. Then (SCp° 2m ) and 
(G Pi 2, m ) are satisfied by Remark 4.5. In addition, (AB p m ) holds by Proposition 4.7. Therefore, 
Theorem 4.6 holds in this case without assumptions (G Pi 2, m ) and (AB P;m ). 

Proof of Theorem 4.6. We consider two cases: t > 1/4 and t < 1/4. 
Case (I), t > 1/4. 

If t > 1/ A then supp^F c [0, 16]. By (AB p>m ), 

\\F(tyfL)\\ p ^ p < C16 m( ?^ )+£ ||5 16 (Fa-))|| 16 ^<C|]F|U. 
Recall that if a > l/q, then W«(R") c L°°(R' ! ) n C(R") and ||F|L < C\\F\\ W «. Hence 

\\F(t^L)\\ p ^ p + \\F(t^L)\\ 2 ^ 2 < C||F|U < C\\F\\ W «. 

Now (4.22) follows by interpolation. 
Case (2). t < 1/4. 
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Let £ e C c °° be an even function such that supp£ c [-1/2, 1/2], |(0) = 1 and f w (0) = for all 
1 < k < [a] + 2. Write £v*-i = N*~ l g(N*~ 1 -) where iV = 8[? _1 ] + 1 and [r 1 ] denotes the integer part 
off -1 . Following [17] we write 

F(* VI) = («$ ( F - ft^i * <J,F)( VI) + * <J f F)( VI). 

Now we prove that 

(4.23) \\(6 t F-Z N ^*6 t F)( ! VL)\\„ r < C\\F\\ W «. 
Observe that supp(5 f F - g N *-i * 8,F) c [-JV, Af]. We apply (AB p>m ) to obtain 

(4.24) \\{5 t F - fa-i * 6 t F)( VI)||^ P < CN Kn( T~^ £ \\5 N {8 t F - * 

Everything then boils down to estimate || norm of 6N(6 t F-^ NK -i*6 t F). We make the following 
claim. For the proof we referee readers to [17, (3.29)] or [22, Propostion 4.6]. 

Lemma 4.9. Suppose that £ e C c °° is an even function such that supp£ c [-1/2, 1/2], f(0) = 1 
and^ {k) {Qi) = Ofor all 1 < k < [a] + 2. Next assume that suppH c [-1, 1]. Then 

(4.25) \\H-{ N *H\\ N , q <CN~ a \\H\\ w « 

for all a > 1 /q and any N 6 N. 

Note that 6 N (6 t F - g N *-i * 8 t F) = 6 Nt F - % N k * 6 Nt F. Now, if a > max{n(l/p - 1/2), l/q} then 
(4.23) follows from Lemma 4.9, estimate (4.24) and the interpolation theorem. 

It remains to show that 

(4.26) ll(&-i*W(VL)|U. < C\\F\\ W «. 
Let F (t) be functions defined in (4.6). we can write 

(6v*-, * 5 t F){A) = £ * «5 f F (f) )W, 

and hence 

(4.27) ||(^-, * 8 t F)( VI)||_ < Yj * ^)IU- 

As in the proof of Theorem 4.2, we fix an e > such that 2ne(\/p - 1/2) < or - n(l/jc - 1/2). 
For every f > 0, and every £, we let p e = 2 f(1+e) f. Let if/ e C"(l/16, 16) such that if/(A) = 1 for 
A 6 (1/8, 8). We decompose 

* c^ (f) )( VI)/ = £ P%{8Mn^ * S t F^))( VI)P«./ 

i'J: d(x h Xj)<2p t 

+ J] P b^ ~ * S t F {0 ))( VE)P«./ 

(',;': d(Xi,Xj)<2p e 

+ J] ^b ( (^*^)(VI)P 5 / 

i',;': d(Xj,Xj)>2p e 

(4.28) = : Jf >(/) + (/) + (/)• 
We shall show that 

CO 

(4.29) £ IWCOlU ^ CHFHwy, i = 1,2,3. 

f=0 
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Similar argument as in (4.12) above give 

UNCOIL < sup Mx, p,)H 11(^(6^ *8 t F^)){fL)P BiXfi() \\ }\\f\\ r ^ 

xeX 

We then follow the proof of Theorem 3.6 of [1 1] to get 

\\(S t ^-,*6 t F^))(mPB (x J\ p ^ 2 < CV(x,p^-h^<~hF ( %. 

This shows (4.29) for i = 1 (see (4.15) above). 

For i = 2, the proof of (4.29) is similar to that of (4.17). For i = 3, we write 

i j:d(Xj,Xj)>2^ l + c h 

Observe that if d(x u xj) > 2 e{1+£) t, then by Lemma 4.3, 

\\P % (^ * 5 t F^){ yZ)P- B] f\\ r 

X+oo 
||^: i (T)||0(2- f r)G(T)|||P 5 - ie (fT - 1 >' mi P^.||^ r rfT 
oo 

< Ce^ exp ( - C2 (^|^)^)||F|y|P^/||, 

The rest of the proof of (4.29) for i = 3 is just a repetition of the proof of (4.19) so we skip it here. 
This completes the proof of Theorem 4.6. □ 



5. HORMANDER-TYPE SPECTRAL MULTIPLIER THEOREMS 

The aim of this section is to obtain Hormander-type spectral multiplier theorems to include sin- 
gular integral versions of Theorems 4.2 and 4.6. We continue with the assumption that (X, d, /i) is a 
metric measure space satisfying the doubling property and recall that n is the doubling dimension 
from condition (1.3). Fix a non-trival auxiliary function rj e C™(0, oo). 

Theorem 5.1. Let L be a non-negative self-adjoint operator on L?(X) satisfying Davies-Gajfney 
estimates (DG m ) and condition (ST^ 2m ) for some p,q satisfying 1 < p < 2 and 1 < q < oo. Then 
for any bounded Borel function F such that sup f>() ||?7 5,F||^ < oo far some a > max{n(l/p - 
1 /2), l/q}, the operator F(L) is bounded on U(X)for all p < r < p' . In addition, 

||F(L)|U- < Cj sup \\r]6 t F\\w« + \F(0)\\ 

Proof Note that by Proposition 2.3, (STj 2m ) => (ST~ 2m ) => (G p>2 , m ). Now Theorem 5.1 follows 
from Theorems 3.3 and 4.2. □ 

Note that Gaussian bounds (GE m ) implies estimates (DG m ) and (G Pi 2, m ) so by Proposition 2.3, 
(ST^° 2m ) holds for q = oo. This means that one can omit conditions (DG m ) and (STp 2m ) in 
Theorem 5.1 if the case q = oo is considered. We describe the details in Theorem 5.2 below. 

Theorem 5.2. Let L be a non-negative self-adjoint operator on L 2 (X) satisfying Gaussian esti- 
mates (GE m ). Let 1 < p < 2. 
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Then for any bounded Borel function F such that sup f>() ||/7^F||v^« < oo for some a > n(l/p 
1 12) the operator F(L) is bounded on U(X)for all p < r < p'. In addition, 



||F(L)|U- < Cj sup \\nS t F\\ wl + |F(0)|). 

f>0 



Proof. Theorem 5.2 follows Proposition 2.3 and Theorem 5.1. □ 
The next theorem is a variation of Theorem 5.1 suitable for the operators satisfying condition 

(sc- m ). 

Theorem 5.3. Suppose the operator L satisfies Davies-Gajfney estimates (DG m ), conditions (G Pt 2, m ) 
and (SCpj m )far some p, q such that 1 < p < 2 and 1 < q < oo, and a fixed natural number k. In 
addition, we assume that for any s > there exists a constant C £ such that for all N e N and all 
even Borel functions F such that supp F c [-N, N], 

(AB p , m ) \\F( fL)\\ p ^ p < C E N<-^ +£ \\5 N F\\ N ^ q . 

Then for any even bounded Borel function F such that sup f>0 HT/tf/Fllw^ < oo for some a > 
max{ft(l/p - 1/2), \/q] the operator F{L) is bounded on U{X) for all p < r < p'. In addition, 

||F(L)|U- < cisup||T/(5/F|| w » + |F(0)|). 

t>0 

Proof. Theorem 5.3 follows Theorems 3.3 and 4.6. □ 

Remark 5.4. Suppose that p(X) < oo and (SCp2 m ) holds for some k > 1. Then (SC°° 2m ) and 
(G p ,2,m) are satisfied by Remark 4.5. In addition, (AB p m ) holds by Proposition 4.7. Therefore, 
Theorem 5.3 holds in this case without assumptions (G Pj 2, m ) and (AB p>m ). 



6. Applications 

As an illustration of our results we shall discuss a few of possible applications. Our main results, 
Theorems 4.2, 4.6, 5.1 and 5.3, can be applied to all examples which are discussed in [22] and 
[11]. Those include the standard Laplace operator; Laplace-Beltrami operator acting on compact 
manifolds; the Laplace-Beltrami operator and some of its perturbation on asymptotically conic 
manifolds, see [28]; the harmonic oscillator and its perturbations; homogeneous sub-Laplacians 
on nilpotent Lie groups. We do not discuss the details here as the obtained corollaries coincide 
with applications described in [11], except that we are not able to prove endpoints estimates for 
Bochner-Riesz sumability. We suspect that endpoints results possibly do not hold in m-th order 
operators setting. 

6.1. /n-th order differential operators on compact manifolds. For a general positive definite el- 
liptic operator on a compact manifold, condition (GE m ) holds by general elliptic regularity theory. 
As a consequence of Theorem 5.3, we obtain alternative proof of Theorem 3.2 in [42] described 
by A. Seeger and C. Sogge. The result can be stated in the following way. 

Theorem 6.1. Let M be a compact connected manifold without boundary of dimension n > 1. Let 
P m (x, D) be a positive definite elliptic pseudo-differential operator of order m on M. Suppose that 
for each x 6 M, the cosphere 

(6.1) S, = {teT* x M\0:P m (x,& = l} 

has nonzero Gaussian curvature everywhere, where P m (x, £;) is the principal symbol. Let 1 < 
p < 2(n + 1)/(t? + 3) and 1 < q < oo. Then for any even bounded Borel function F such that 
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sup f>0 Ht/c^FIIv^ < oo for some a > max{n(l/jc - 1/2), l/q), the operator F(P m ) is bounded on 
IS (X) for all p < r < p' . In addition, 

||F(P m )||^ r <Qsup||77<5 ( F|| w «. 

Proof. Under the non-degenerate assumption of the cospheres £ x , it follows by Corollary 2.2 of 
[43] that estimates (SC 2 'i) hold for 1 < p < 2(n + l)/(n + 3). Then the result is a consequence of 
Theorem 5.3 and Remark 5.4. □ 

6.2. m-th order elliptic differential operators with constant coefficients. Let P m (D) be a real 
homogeneous elliptic polynomial of order m on R", n > 2, and £ is a hypersurface defined by 

(6.2) L = {£6lT:|P m (£)| = l}, 

where P m {^) is the symbol. Recall that 2 is of finite type if there exist k e N and C > such that 

k 

(6.3) Yj \<1> v y p >n(0\ ^C>0, £ e I and n e S n ~\ 

7=1 

where (77, V) = £" =1 Tjjd/dxi. The least in (6.3) is called the type order of E. Say that 2 is convex 
if 

(6.4) icj^e R»| (77 - £ VP m (£)> > 0), f 6 2 
or 

(6.5) icj^e R»| {rj - {, VP m (£)> < 0}, I. 

For a given P m , we know that the corresponding E is always of finite type and 2 < k < m. 
But it is obviously not always convex. The hypersurface £ is convex and k = 2 if and only if 
£ has nonzero Gaussian curvature everywhere. A simple example of polynomials whose level 
hypersurface £ is of type m is + ■ ■ ■ + £™(m = 4, 6, ■ • •)• We notice that there exist polynomials 
P m whose level hypersurfaces £ are of type k(< m). For example, when P(,(%) = £ \ + 5£j£f + 
the corresponding hypersurface £ is of type 4, but m = 6 (see [20]). 

Proposition 6.2. Lef P m (D) be a real homogeneous elliptic polynomial of order m on W,n > 
2. Suppose £ is a convex hypersurface of finite type k for 2 < k < m and that 1 < p < 
2(n — 1 + k)/(n — 1 + 2k). Alternatively assume that 2 has nonzero Gaussian curvature every- 
where and that 1 < p < 2(n + l)/(n + 3). Then we have 

(6.6) \\dE m (X)\\ P ^ < CA ni p-7 y \ A>0. 
Hence condition (ST 2 2 m ) holds. 

Proof. Estimates (6.6) and (STp 2m ) follow from Theorem B in [9] and Theorem 1 in [27]. □ 

We are now able to state the following result describing spectral multipliers for m-th order 
elliptic differential operators with constant coefficients. 
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Theorem 6.3. Suppose 2 is a convex hypersurface of finite type k for 2 < k < m and that 
1 < p < 2(n — 1 + k)/(n — 1 + 2k). Alternatively assume that E has nonzero Gaussian curva- 
ture everywhere and that 1 < p < 2{n + l)/(« + 3). Then for any even bounded Borel function F 
such that sup f>0 ||77<5 ? F|| W <« < oo far some a > n(l/p- 1/2) and 1 < q < oo, the operator F{P m ) is 
bounded on If (X) for all p < r < p' . In addition, 

\\F{P m )\\ r ->r < C a SUp \\T]6 t F\\ w «. 

t>0 

Proof. It is known that the semigroup e~ tL has integral kernels p t (x, y) satisfying the following 
estimates (GE m ) (see [19]). Now Theorem 6.3 is a straightforward consequence of Proposition 
6.2 and Theorem 5.1. □ 



6.3. Biharmonic operators with rough potentials. In the section we consider the biharmonic 
operator A 2 = (d\ + d\ + d 2 ) 2 acting on L 2 (R 3 ). Assume now that n = 3 and V is a real-valued 
measurable function such that < V 6 L ! (R 3 ) n L 2 (R 3 ). We define a self-adjoint operator L as 
Friedrich's extension of the operator A 2 + V initially defined on C"(R 3 ). 

To be able to apply our results to the operator L we first show that the corresponding semigroup 
satisfies Davies-Gaffney estimates (DG4) and 4-th order Gaussian bounds (GE 4 ). 

Proposition 6.4. Suppose that < V e L J (R 3 ). Then the semigroup generated by the operator 
H = A 2 + V and the corresponding heat kernel p t (x,y) satisfies Davies-Gaffney estimates (DG4) 
and Gaussian bounds (GE 4 ). 

Proof. Following [23] we consider the set of linear functions if/ : R 3 — > R of the form if/(x) = a ■ x, 
where a = {a\,a2,ai) 6 S 2 . Then for A 6 R we consider perturbed operator 

Hty = e-**He** = e~^ £e x * + V = A 2 Al// + V, 

where A # = e'^Ae^ = {d x + a x A) 2 + (d 2 + a 2 A) 2 + (3 3 + a 3 A) 2 , see [23, Lemma 10]. Note that 

exp(-ffl^) = c^expHfly*- 
By Lemma 10 of [23] there exists a constant c > such that 

||exp(-?A^)|| 2 ^ 2 = ^ 4t . 

However we assume that V > so 

\\e- A f expi-t^e^h^ < e cX "\ 
see also [19]. Now consider a = (ai, a 2 , a^) G S 2 such that if/(x) - if/(y) = \x -y\. Then 

\\ r B(x,t" 4 ) e r B(y,t 1 '*) || 2 ^ 2 ^ e 

Taking infimum over A in the above inequality proves estimates (DG 4 ). 

To prove Gaussian estimates (GE 4 ) we first note that ||(7 + ?A 2 )~ 1/2 || 2 ^co < Cr 3/4 . However we 
assume that V(x) > for all x e R 3 so 

<(/ + ;(A 2 + V))f,f) > <(/ + tA 2 )f,f) = ||(/ + fA 2 )" 1/2 /|| 2 . 

Hence ||(7 + tH)- l/2 \\ 2 ^oo < Cr 3/4 and 

|| exp(-r/0ll 2 ^oo < ll(/ + ^)- 1/2 l| 2 ^coll(/ + tH)' U2 exp(-tff)|| 2 ^ 2 < Cr 3/4 . 
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This proves on-diagonal bounds for the corresponding heat kernel. Now it suffices to ensure that 
all assumptions of our abstract results hold. To prove off-diagonal Gaussian bounds we note that 
by formula (9) of [23] for some constant c > 

Rc(H^f,f)>((A 2 -A 4 c)f,f). 

Now standard heat kernels theory argument shows 

\\e- A f expi-t^e^h^ < Cf 3 ' 4 /'. 
This estimate implies off-diagonal Gaussian bounds (GE 4 ) by Davies' perturbation argument. □ 

Next we establish restriction type estimates for spectral measure dE ^(A) associated with the 
special higher order operator H = A 2 + V with potentials V on R 3 . Let H = A 2 be the self-adjoint 
extension operator on L 2 (R 3 ). Then we have cr(H ) = [0, oo). For any z e C\cr(H ), the resolvent 

R (z) = (H - zY 1 

is well-defined on L 2 (R 3 ). We consider the boundary behavior of Ro(z) as z approaches to some 
A > since it is connected with the spectral measure by the limiting absorption principle: 

(6.7) ^-.((Ro(A + iO) - R (A - i0))f, g) = (dE Ho (A)f, g), f,ge ^(R 3 ). 

Let p = A + is where A > and < s < A. By elementary integration, it can be verfied that 

e -it;x e ifi\x\ r g -i4x e ~lAx\ 



d % = and , o d% 



which gives 

X g -i£* i e **W e -iAA e >M i\ _ g-(i-«>W \ 

3 ^ = v^i^w ~ ~w = 4(i + o^l /' 

Hence K(p. 4 , x) - the Green kernel of (A 2 - p. 4 )' 1 is given by the formula 

Jn\x\ 1 1 _ „-(\-i)ji\x\ k 

(6.9) K(p 4 , x) = . 

^ 4(1 + Z>jul (1 - i)p\x\ / 

Proposition 6.5. LetR (p, 4 ) = (H -p 4 )~ l where H = A 2 acts on R 3 . If p = A + is with A > and 
< |e| < -pj, then for every 1 < p < |, 

(6.10) \\Ro(M 4 )\\ P ^ < C\M\ 3 ^-y y \ 

In particular, the following estimates of incoming and outcoming operators are satisfied 

(6.1 1) \\R (A 4 - i0)\\ p ^ = \\R (A 4 + i0)\\ p ^ < CA^-7 } - 4 . 

Proof. Observe that by (6.8) and (6.9), there exists a constant C > such that \K(p 4 , x)\ < C\p\~ l . 
By Young's inequality, 

ii«oO" 4 )/iioo<ci//r 1 ii/ii 1 . 

Now by the interpolation (see [3]), it suffices to verify (6.10) for p = 4/3, that is, \\R (p, 4 )f W4. < 
C|//r 5/2 ||/||4/3. Observe that \p\ ~ A, by the scaling in A it reduces to show that uniformly 

(6.12) \\R ((l + ie) 4 )f\\ 4 < CII/II4/3, < 6 < 1/10. 
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Now one can write 

Rodl + ie) 4 ) = — 1 . ((-A - (1 + ie) 2 y l - (-A + (1 + ie) 2 )~ l ). 
2(1 + ie) L 

To estimate L 4/3 to L 4 norm of (-A - (1 + ie) 2 ) -1 , one can use the argument from the proof of 
Theorem 2.3 in [33], see also Lemma 4 in [26]. L 4/3 to L 4 norm estimates of (-A + (1 + ie) 2 )' 1 are 
straightforward consequence of the standard Gaussian bounds. □ 

Proposition 6.6. Let Roip 4 ) = (H - /j 4 )' 1 where H = A 2 acts on R 3 and p = A + is where A>0 
and < |e| < ± Suppose that V e L l (R 3 ) n L 2 (R 3 ). 
Then 

(i) For 4 < p < oo, ?/ze operator map p h-> i?oO" 4 )^ z ^ continuous from the cone domain 
{H = A + is, A > Q and < s < yj,} to the space of bounded operators on L P (R 3 ). 

(ii) For 4 < p < oo ?/?ere a positive constant Aq such that for all A > Aq > f/ze operator 
I + Ro(/j. 4 )V is invertible on L P (M?) and 

sxxp\\(I + R (M 4 )V)-%^ p <C. 

A>A 

Proof. Note that, for the case, we can write the R Q (p. 4 )V into the following two parts: 

Ro(M 4 W = ((-A-iu 2 y l V- (-A+iu 2 r l V)/2/u 2 . 

Hence the proof of (i) follows from Lemmas 8 and 10 of [26]. 

Next we prove (ii). Define the operator M v by the formula M v f(x) = V(x)f(x) and we note 
that if V 6 L\M?) D L 2 (R 3 ) then \\M v \\ p ^ p , < oo for all 4 < p < oo. Now by Proposition 6.5 there 
exists a constant Aq > 

\\Ro(^)V\\ p ^ p < ||i?oO" 4 )|| P '^||M v ||^ < X - 
for all A > A . This proves (ii) and concludes the proof of Proposition 6.6. □ 

Proposition 6.7. Suppose that H = A 2 + V on R 3 with a real-valued V e L^R 3 ) n L 2 (R 3 ). 
Then there exists a Ao > such that 

for all A > A and 1 < p < 4/3. 

Proof Let p. = A + is where A > A > and < |e| < yj,. We denote by R(p 4 ) = (H - ^)~ l the 
resolvent of H = A 2 + V on L 2 (R 3 ). Note that 

(6.13) R(p 4 ) = (I + R (M 4 )V)- l Ro(ju 4 ). 

Hence it follows that from Propositions 6.5 and 6.6 

HtfGuVlU < + R (p 4 )V)~ l \\ p ,^\R (p 4 )f\\ p , < C(A ,V) Ipl 3 ^- 1 \\f\\ p . 
By the limit absorption principle the above estimates imply Proposition 6.7. □ 

Finally, we are now able to state the following results describing spectral multipliers for the 
biharmonic operators with some potential V on R 3 
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Theorem 6.8. Suppose thatH = A 2 + V on R 3 with a positive real-valued < V e L ! (R 3 ) nL 2 (R 3 ) 
and that 1 < p < 4/3. Next assume that F is a bounded Borel function such that suppi 7 c [1/4, 4] 
and F e W" (R)/or some or > 3(1//? — 1 1 2). Then for every p < r < p', F(tH) is bounded on U(X) 
for all t > 0. In addition 

(6.14) sup \\F(tH)\\ r ^-<C r \\F\\ w? , 

r<l/(16i ) 

and 

(6.15) sup \\F(tH)\\™ < CAWWwg 

r>l/(16i ) 

for some constant Aq > as in Proposition 6. 7. 

Proof. The result is a straightforward consequence of Propositions 6.4, 6.7, 4.1 and Theorem 4.2. 

□ 

6.4. Laplace type operators acting on fractals. Theorem 5.2 can be applied to any operator 
which satisfies estimates (GE m ) and for which the ambient spaces satisfies the doubling condition. 
A compelling class of such operators is considered in the theory of diffusion processes on fractals, 
see for example [2, 8, 34, 47, 48]. One of the most well known space of this type is Sierpihski 
gasket SG see for example [34, 48]. The Laplace operator on the Sierpihski gasket SG (Neumann 
or Dirichlet) satisfies Gaussian bound of order m = log 5/(log 5 - log 3) and (2.2) holds with with 
the homogeneous dimension given by n = log3/(log5 - log 3) = 2.1506601 . . ., see [2, 47, 48]. 
Now application of Theorem 5.2 to this setting yields the following result. 

Theorem 6.9. Suppose that L is the Laplacian on the Sierpihski gasket. Let 1 < p < 2. Then 
for any bounded Borel function F such that sup, >0 \\rj 6 t F\\wg < 00 far some a > n(l/p - 1 /2), the 
operator F(L) is bounded on U(X)for all p < r < p' . In addition, 

\\F{L)\\„ r < Ci sup ||/7 <yniw£ + |F(0)|), 

t>0 

where n = log 3 /(log 5 - log 3) and m = log 5/(log 5 - log 3). 

Proof. The result is direct consequence of Theorem 5.2. □ 

We do not know however if Theorem 6.9 is sharp. The case p = 1 of this result is discussed in 
details in [22]. Theorem 6.9 can be extend to include broader class of fractals. One simple class 
of possible generalization can be given by products of any number of copies of Sierpihski gaskets. 
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